We consider gauge theories in a String Field Theory-inspired formalism. The constructed algebraic operations lead in particular to homotopy algebras of the related BV theories. We discuss invariant description of the gauge fixing procedure and special algebraic features of gauge theories coupled to matter fields.
Introduction
The L ∞ algebras (or homotopy Lie algebras) [1] first entered physics in the context of study of higher-spin particles [2] . Soon after that, the same structures appeared in the mathematical treatment [3] of the Batalin-Fradkin-Vilkovisky approach [4] (see also [5] , [6] ). In the beginning of the 1990s, these generalizations of Lie algebras appeared in Zwiebach's formulation of the closed String Field Theory (SFT) [7] . Namely, the homotopy Lie algebra was the algebra of gauge symmetries of the theory. The action for closed SFT was given by the homotopic generalization of the Chern-Simons theory [8] - [11] , and was represented as [7] :
where Ψ is a string field, {·, ..., ·} = ·, [·, ...., ·] and [·, ..., ·] generate, together with the nilpotent operator Q, the L ∞ algebra, and ·, · is an inner product. The equation of motion for such an action is the Generalized Maurer-Cartan equation associated with this homotopy Lie algebra:
A similar action appeared in open SFT [13] - [16] , but there, the algebraic structure was based on the A ∞ algebra.
In [20] , we considered formal Maurer-Cartan structures which appear naturally in the study of the deformation of the string theory BRST operator [19] in the case of conformal field theory corresponding to open and closed strings. In the open string case, we were able to build the bilinear operation acting on string theory operators, which has a form of regularized commutator R(φ (0) , ψ (0) )(t) = P[φ (0) (t + ǫ), ψ (0) (t)] − (−1)
(here P stands for the projection on the ǫ-independent part, φ (0) , ψ (0) are vertex operators on the boundary of the worldsheet and n φ , n ψ represent their ghost numbers) such that the resulting generalized Maurer-Cartan equation
(where Q BRST is the usual BRST operator for open string) for appropriate choice of operator φ (0) of ghost number equal to 1, leads to Yang-Mills equations up to the second order. Symmetries of the equation (4) 
where λ (0) is some operator of ghost number 0, reproduce the gauge symmetries of the YM system. However, it was not clear how to build the third order operation on the conformal field theory level. Nevertheless, it was possible to do the following. First, to shorten the BRST complex of open string, leaving only operators, corresponding to the light sector. The shortened BRST complex actually coincides with the following complex of differential forms:
where Ω i g is the space of g-valued (g is a reductive Lie algebra) differential forms of degree i, d is a de Rham differential and * is a Hodge star. After that, one can explicitly construct the third order operation on the resulting shortened complex. This was done in [17] , [18] . There we found that one can define this trilinear operation [·, ·, ·] h on the shortened BRST complex (F · , Q) in such a way that (F · This hidden nontrivial homotopy Lie algebra structure inside (nonabelian) Yang-Mills theory allowed us to express the Yang-Mills action and its BV extension in the form (1) . The gauge symmetries were shown to coincide with the symmetries of the corresponding Maurer-Cartan equation, which in turn coincides with the equation of motion in the Yang-Mills theory.
In [18] , we emphasized the algebraic similarity between the ordinary 3-dimensional Chern-Simons theory and the Yang-Mills theory (this is due to the fact that the de Rham complex in three dimensions is as short as (6)). In section 2, we quickly review the results of [17] and [18] which led to the L ∞ algebra of the pure gauge theory.
The aim of this paper is to extend the complex (6) and therefore its algebraic structures in order to include other fields which interact nonlinearly, but obviously in a gauge-invariant way with the nonabelian Yang-Mills theory. However, before that, in section 3, we introduce a construction, in addition to those considered in [18] , which is necessary for the quantum theory. Namely, we discuss the gauge fixing procedure for the Yang-Mills action. We extend the complex (6) by adding the spaces corresponding to the antighost field and its antifield. In this way we arrive at the elegant formula (48) using the decomposition (42), which describes on an algebraic level the Yang-Mills theory in the Lorenz gauge. The construction is closely related to what is known as the Siegel gauge in open SFT [21] . Moreover, in subsection 3.3, we give some nontrivial extensions of the L ∞ algebra on this extended complex, using the data of bilinear operation from [20] based on the operator product expansion. This homotopy algebra turns out to be very unusual and strange from the field theory point of view, since it has no invariant inner product unlike L ∞ algebras related to the BV formalism. Therefore, the field theory interpretation of this extension is not yet clear.
Sections 4 and 5 are parallel: we consider the homotopy algebras related to the Yang-Mills theory with matter (scalar and spinor) fields.
In section 4, we consider our first example of matter fields entering the theory. Namely, we consider the scalar field which takes values in the adjoint representation of g interacting with the Yang-Mills field. We show that one can generalize the bilinear and trilinear operations in such a way that it allows to express this theory in the same homotopy Chern-Simons form.
Section 5 is devoted to the Dirac fermion field interacting with a gauge field. This theory turns out to be poorer in the algebraic sense. In order to describe its homotopic structure, one just needs to generalize only the bilinear operation, but the 3-linear one is set to be equal to zero when one of the arguments belongs to the extension of the complex (6) . It is possible to gues that from the nonlinear structure of the interaction term (it is cubic: quadratic w.r.t. the fermion field and linear w.r.t. the gauge field).
It should be noted, that the local version (when all the fields are constant) of L ∞ algebras, corresponding to the Yang-Mills theory was considered in [12] .
One should also note that since the original paper [10] , where the abstract statement about the relation between the BV formalism and L ∞ algebras was given, there has been a lack of consideration of explicit field theory examples. Namely, except for [12] the explicit examples were different versions of the Chern-Simons theory only, where the algebraic structure is given by the simple graded differential Lie algebra, which is a very particular case of L ∞ algebra. We hope that here we partly fill this gap.
In the last section, we bring up some open questions and discuss possible ways to give a homotopy description of Gravity.
2 The L ∞ algebra and the (BV) Yang-Mills theory
In this section, we specify the notation and give a short overview of the results obtained for the pure Yang-Mills case in [17] , [18] .
2.0. Notations. In this paper, we will encounter two bilinear operations [·, ·], [·, ·] h . The first one, without the subscript, denotes the Lie bracket in the given finite-dimensional Lie algebra g. The second one, with subscript h, denotes the graded antisymmetric bilinear operation in the homotopy Lie superalgebra. We will use three types of operators acting on differential forms with values in some finite-dimensional reductive Lie algebra g. The first one is the de Rham operator d. The second one is the Maxwell operator m, which maps 1-forms to 1-forms. If A = A µ dx µ is a 1-form, then
where indices are raised and lowered with respect to the metric η µν . The third operator maps 1-forms to 0-forms, this is the operator of divergence div. For a given 1-form A,
For g-valued 1-forms, one can also define the following (anti)symmetric bilinear and trilinear operations:
where (·, ·) K is the canonical invariant form on the Lie algebra g.
2.
1. The Yang-Mills chain complex. Now we will give the explicit realization of the chain complex
considered in the introduction, which will explain its relation to the string theory. In particular, this will give an embedding of (11) into the superspace with natural grading. In order to do this, we introduce odd variables c ±1 , c 0 and D (D is the dimension of the space-time) even variables q µ , µ = 0, ..., D − 1. Let us consider the space F g , spanned by the elements of the following kind:
which are associated with 0-forms u, a and 1-forms A, W. The grading in this space is given by the number of odd c-variables (known as ghost number) and can be realized by means of the operator N g = n=1 n=−1 c n ∂ ∂cn . It is easy to see that the space under consideration is invariant under the action of the following operator:
where
Namely, the differential Q acts on the elements of F g in the following way: (15) where the space F i g (i = 0, 1, 2, 3) consists elements of ghost number i. Therefore, we see that complex (F * g , Q) gives a realization of the complex (11) . In the following we will refer to (11) and (F * g , Q) as the Yang-Mills chain complex. Next, we define the inner product on the chain complex
The inner product is given by the following formula:
This product has a very important property which shows how it behaves under the action of the differential Q. Proposition 2.1. [18] Let Φ, Ψ ∈ F g be of ghost numbers n Φ , n Ψ . The following relation holds:
2.2. The Yang-Mills L ∞ algebra. First, we define the graded antisymmetric bilinear and trilinear algebraic operations which generate the homotopy Lie algebra. 
by the following relations on the elements of F g :
g and the trilinear operation is nonzero only in the case when all arguments belong to F 
Remark.
One can see from the Definition 2.1. that in the most of cases bilinear operation reduces to the commutator of the corresponding g-valued differential forms (we see that for example ρ can be interpreted as a Lie morphism (up to a factor of 2) and φ is map of Lie modules.). The only "nontrivial" case, which prevents [·, ·] h to satisfy the Jacobi identity (see below) is the one restricted to F 1 g .
In the next proposition, we explicitly write down the relations of the homotopy Lie algebra corresponding to these operations.
Proposition 2.2. [17]
Let a 1 , a 2 , a 3 , b, c ∈ F g be of ghost numbers n a1 , n a2 , n a3 , n b , n c respectively. The following relations hold:
Remark. The relations in the Proposition 2.2. can be described in the following way. The first one expresses the fact that Q is a derivation for the bilinear operation [·, ·] h . The second relation is the homotopy Jacobi identity for [·, ·] h , i.e. [·, ·] h satisfies the Jacobi identity up to homotopy given by the trilinear operation [·, ·, ·] h . The third relation gives the "higher" Jacobi identity between bilinear and trilinear operations.
In order to rewrite the Yang-Mills action in the Homotopy Chern-Simons form, we need to define the following multilinear forms (see e.g. [32] , [7] and references therein). 
in the following way:
These bilinear operations satisfy the following property (see e.g. [32] , [7] ). 
2.3. The (BV) Yang-Mills as a Homotopy Chern-Simons. Now we are ready to formulate the physical applications of the formalism we considered in the first two subsections. Namely, first we rewrite Yang-Mills equations as generalized Maurer-Cartan equations for the L ∞ algebra, considered in the previous subsection. 
with a Lie algebra-valued function u(x). Then, the Yang-Mills equations for A and its infinitesimal gauge transformations
can be rewritten as follows:
Therefore, the Yang-Mills action can be reformulated in the Homotopy ChernSimons form.
Proposition 2.5. The Yang-Mills action
can be written as follows:
Our next task is to represent the Batalin-Vilkovisky version of the Yang-Mills action in the same way. In order to introduce ghosts, antifields, i.e. the fermion degrees of freedom, we consider the tensor product of our chain complex (F · g , Q) with some Grassmann algebra A:
Moreover, we introduce the following notation: if λ ∈ A i , we will say that λ is of target space ghost number i. Therefore, it is reasonable to introduce the gradation w.r.t. the total ghost number, which is equal to the sum of the worldsheet ghost number, generated by the operator N g and this target space ghost number on the space H g = F g ⊗ A. Hence, if the element Φ ∈ H n g (i.e. of total ghost number n), which is written in the form s Φ s ⊗ ξ s such that Φ s ∈ F g of ghost number n w s and ξ s ∈ A of ghost number n t s , then n w s + n t s = n for all s. In the following, to simplify the notation, we will refer to the total ghost number simply as the ghost number. This way, one can consider a new infinite chain complex (H · g , Q):
where Q denotes the action of Q ⊗ 1. The space H g = ⊕ i∈Z H i g of this complex is therefore generated by the elements of the form ρ u , φ A , ψ W , χ a , which are associated with the functions and 1-forms, which take values in g ⊗ A. We can extend the algebraic structures, defined for the complex F g in section 2, to the space of the complex H g . For example, one can extend the operation ·, · to be graded symmetric on the space H g with respect to the total ghost number. However, then it will take values in A [18] . Now we show that the BV Yang-Mills action can be rewritten as a Homotopy Chern-Simons action.
Then, the Homotopy Chern-Simons (HCS) action
coincides with the BV Yang-Mills action
Remark. The field ω is usually called the ghost field and the fields A * , ω * are called antif ields of the gauge field and the ghost field correspondingly. 
Let us define the spaces G 
Therefore, one can define a direct sum of the appropriate complex with the Yang-Mills one:
such that
In other words, (35) together with (12) , (15) gives a realization of the following extension of the Yang-Mills complex:
We will refer to this complex as the Y ang-M ills complex with antighost (below we will show that the elements of the lower subcomplex are related to what is known as antighost and its antifield) and denote it as (F · ag , Q). Using the analogy with BPZ inner product, one can define the nondegenerate inner product on this complex such that it is invariant under the action of the operator Q, as in Proposition 2.1. Namely, for two elements
the inner product is given by:
One can easily generalize multilinear operations [·, ..., ·] h in such a way that they are zero when one of the arguments belongs to G i g . Similarly one can generalize the definition of graded antisymmetric multilinear forms {·, ..., ·} h by means of the inner product (39). In the next subsection, we will use this extension of Yang-Mills homotopy algebra in order to define the gauge fixed Yang-Mills theory.
3.2. The gauge fixing operator and BV Yang-Mills. One can define a nilpotent operator which acts "backwards" w.r.t. the action of Q and has zero cohomology. Namely, this operator is b = 1 2 ∂ ∂c0 . Its action on the elements of F ag is as follows:
Moreover, the following relation holds:
where ∆ = ∂ µ ∂ µ is a Laplacian. Therefore b is a contracting homotopy for ∆ and we obtain the following proposition (cf. the standard Hodge decomposition for differential forms). 
As in the case of the Yang-Mills complex, one can consider the complex (H 
whereω(x) is of ghost number equal to −1 and is called the antighost field [22] . Hereω * (x) is its antifield of ghost number zero, which is sometimes called the Nakanishi-Lautrup field. It is easy to check that the following proposition holds. If we plug Φ ag into the homotopy Chern-Simons action:
we find that it is equivalent to
Therefore, with the condition bΦ ag = 0, (45) looks as follows:
which coincides with the Yang-Mills gauge fixed action in the Lorenz gauge. Thus the generating functional for the quantum theory should be written in such notation as:
3.3. A nontrivial generalization of the Yang-Mills L ∞ algebra by means of antighost fields. In the previous subsection, we used the simplest possible generalization of the Yang-Mills homotopy Lie algebra for the complex (F · ag , Q). Namely, we considered multilinear operations to be equal to 0 when one of the arguments belongs to the complex (G · g , Q). However, the construction of the bilinear operations in the case of the usual Yang-Mills chain complex was based on the algebraic operation constructed from OPEs of certain operators in boundary CFT of open string theory [20] . In our case, let us consider the operators
where c is the c-ghost from the string b-c system [21] and X is the usual string coordinate. These operators can be identified with the elements φ a = c 0 a(x) and ψ
. Let us neglect the explicit dependence of α ′ in the operator product expansion, namely we put α ′ = 2. Then, considering the bilinear operation of [20] acting on operators, corresponding to states from (F 
by the following relations (accompanied with those of (20)) on the elements of
(ii) The graded (w.r.t. to the ghost number) trilinear operation on F ag
is defined to be nonzero either if all three elements belong to F 
The following proposition shows that these operations generate the L ∞ algebra on F ag .
Proposition 3.3. The extension of bilinear and trilinear operations given by the relations (51), (53) provides that these operations satisfy the homotopy Lie algebra relations (21) on the elements of the complex (F ·
ag , Q). Proof. First, we will prove the relation
We have already proved it for a 1 , a 2 ∈ F g , so we need to check only the cases when at least one of them belongs to G g . So, let
For a 1 = ρ u , a 2 = ψ a , we have:
For all other possible values of a 1 , a 2 , the relation (54) is trivial. Another relation we need to check is:
First, we consider the case when a 1 = φ A , a 2 = φ B , a 3 = φ a . We see that
At the same time
Therefore, the relation (58) holds in this case. The only nontrivial possibility for the values of a i is as follows: a 1 = ρ u , a 2 = φ A , a 3 = φ a . In this case, let us write down each term separately:
Now, taking the sum of these terms with the appropriate signs, we find:
Thus, in this case, the relation (58) is also proven. For all other values of a 1 , a 2 , a 3 we did not check, the relation (58) reduces to the Jacobi identity and it is easy to see that it is satisfied. The same applies to
Thus the proposition is proven.
However, this extension has one huge disadvantage. If one builds the multilinear forms {·, ..., ·} h by means of the inner product (39), one finds that these forms are no longer graded antisymmetric. Therefore, one cannot build the homotopy Chern-Simons action (since in order to vary the action successfully, the multilinear forms need to be graded antisymmetric). At the same time, we obtained this extension putting α ′ = 2. Therefore, it might be incomplete and one should seek for further extensions which will lead to graded antisymmetric forms {·, ..., ·} h . We considered this particular extension just to give an example of what can happen at the higher orders in α ′ .
The Scalar Field
In this section, we consider the scalar field with values in some reductive Lie algebra, coupled to the Yang-Mills field. We will show that the action for the resulting theory has also the homotopy Chern-Simons form and the equations of motion are equivalent to the generalized Maurer-Cartan equations in some extension of the Yang-Mills L ∞ algebra.
The Scalar Field extension of the Yang-Mills complex.
First of all, we will define an extension of the complex (F · g , Q), extending it by the elements corresponding to a scalar field, which is similar to the one considered in section 3:
where In this way, we get the complex (K · ,Q):
Therefore, one can define a direct sum of the appropriate complex with the Yang-Mills one. Namely, we consider Q tot = Q +Q in the complex
In this section, we will denote Q tot as Q, N tot g = N g +Ñ g as N g , and the complex (65) as (F · sf , Q). In order to define the homotopy Chern-Simons action on the space of the above complex, we will also need an inner product which is invariant under the action of the differential. For two elements
, the pairing is given by: (67) and we see that the direct sum in (66) is orthogonal. It is easy to check that this product satisfies the properties from Proposition 2.1.
4.2.
The L ∞ algebra on the complex (F · sf , Q). Now we will appropriately define the bilinear and trilinear operations on the space of the chain complex (F · sf , Q).
Definition 4.1. (i) The bilinear operation
is defined by means of (20) and the following relations:
(ii) The trilinear operation
is defined to be nonzero when all arguments belong to F 1 sf and in addition to (20) , the following relations hold:
In such a way, the following proposition takes place. 
Keeping in mind the fact that the relation (21) for elements from (F · g , Q), we observe that the nontrivial cases are those when a 1 = ρ v , a 2 = φ u and a 1 = φ u , a 2 = φ v for some g-valued functions u and v. Consider the case when
One can easily show that this relation also holds when a 1 = φ u , a 2 = φ v :
For all other values of a 1 , a 2 , the relation (72) is either already checked (when a 1 , a 2 ∈ F g ) or trivial. Now, let's switch to the most interesting relation in our algebra, the one which represents super-Jacobi identity that holds up to homotopy operator, namely
There are three nontrivial cases which are not yet verified:
We will prove the relation (75) for all these cases. (i) Let's write down all the terms explicitly:
Summing (76) with the appropriate coefficients, we find that
Summing all terms, we find the desired relation:
(iii) Similarly, we write down all terms in this case:
and summing them, we find:
Thus the relation (75) is proven. The other relations are either trivial or easily follow from Jacobi identity. Proposition is proved.
4.3.
The generalized Maurer-Cartan, a homotopy Chern-Simons and the scalar field coupled to the Yang-Mills field. Now we are ready to relate the above construction of the homotopy Lie algebra to the theory of the coupled scalar and gauge fields. 
Proof. The Maurer-Cartan equation for Φ ϕ,A is
Let us write down all terms depending on the scalar field:
The contribution of the scalar field to the Maurer-Cartan equation (83) is of the following form:
Therefore, the field equations we get are:
We find that these equations form a system of the classical equations of motion for the action:
Thus the proposition is proved.
In order to rewrite the action for the scalar field coupled to the Yang-Mills field, one needs to define the multilinear forms {·, ..., ·} h on the complex (F · sf , Q) like we did it in the pure Yang-Mills case. We define them in the same way, using the inner product (67). Moreover, we have the following proposition. Proof. We know that these multilinear forms are graded antisymmetric in the case of the pure Yang-Mills theory, i.e. for the complex (F · g , Q). Therefore, we need to check that they are graded antisymmetric when one or more arguments belong to (K · g ,Q). For the bilinear form, this is trivial, since it is equivalent to the Q-invariance of the inner product (67). Now, let us consider the case of the trilinear form. The only nontrivial relation we need to check is:
and the proof is straightforward:
All other relations for the trilinear operation are just a simple consequence of the basic property of the invariant form on the reductive Lie algebra g. The last step is to check the graded antisymmetry of the quadrilinear form, and the only nontrivial case that we need to check is:
The proof is as follows:
In this way, the proposition is proved.
Therefore, we can write down the homotopy Chern-Simons action for the MaurerCartan element (the element of ghost number equal to 1). Namely, the following proposition holds. 
is the action of the scalar field ϕ interacting with the gauge field A(87).
Remark. Now, we remind the reader that in order to obtain the BV YangMills action, we considered the complex (H g , Q) which was the tensor product of (F g , Q) with an integer-graded Grassmann algebra. Then, substituting the Maurer-Cartan element of the resulting complex in the homotopy Chern-Simons action (HCS), one obtains the action of the BV Yang-Mills theory. In the same way, one obtains the BV action for the theory of the scalar field coupled to the gauge field. One should consider the tensor product of the complex (F · sf , Q) with the integer-graded Grassmann algebra and consider the Maurer-Cartan element which would be of the form: which are associated with the Dirac spinor fields ξ(x) and η(x) of fermion statistics. Here e 1 is even and e 2 is odd. We consider the spaces D 
and
As in the case of the scalar field, in this section we will denote Q tot as Q, the total grading operator N 
the pairing is given by:
such that the direct sum in (97) is orthogonal.
5.2.
The L ∞ algebra on the complex (F · Df , Q). In this subsection, we will give explicit formulas for the extension of the Yang-Mills L ∞ algebra which will lead to the Lagrangian of the gauge field coupled to a Dirac fermion. First, we give the definition of the modified bilinear operation. 
is defined by the relations (20) and, in the case when one of the arguments belongs to the subcomplex (D
Remark. In contrast to the previous case of a scalar field, there is no need to modify the trilinear operation (it is related to the fact that the corresponding nonlinear field equation contains fermions only in the terms of the second order in fields (see below).
The following proposition holds. 
Let us take
Another nontrivial case is when a 1 = φ ξ , a 2 = φ η :
Next, we check the homotopy Jacobi identity in the case when one of the arguments belongs to D g . In this case, the homotopy Jacobi identity reduces to the usual one:
The only nontrivial case here is when a 1 = φ A , a 2 = φ ξ , a 3 = φ η . Let us write down each term separately:
Summing all terms, we find that the Jacobi relation is satisfied. Thus, the proposition is proved.
5.3.
The generalized Maurer-Cartan, a homotopy Chern-Simons and the Dirac fermion coupled to the gauge field. As in section 4, we write down the Generalized Maurer-Cartan equation in the case of the homotopy Lie algebra, we obtained in the previous subsection, and provide the physical interpretation. Namely, the following proposition holds. 
Proof. The Maurer-Cartan equation
decomposes into two parts:
It is easy to check that equations (108) coincide with
which precisely coincide with the equations of motion given by the action of the Dirac fermion coupled to the gauge field:
In order to represent the action (110) in the homotopy Chern-Simons form, one has to generalize the multilinear forms {·, ..., ·} h to our case. It is easy to see that these forms are also graded antisymmetric with respect to the ghost number. Therefore, one can write the HCS action for the Maurer-Cartan element Φ ξ,A and it is not hard to check that it coincides with (110). As in the case of the scalar field, one can introduce the antifield for the Dirac fermion by means of a tensor product of the complex (F Df , Q) with the integer-graded Grassmann algebra. Let us consider a Maurer-Cartan element (now this is an element of total ghost number equal to 1) and represent it in the form: Ψ Df = ρ ω + φ ξ + φ A − ψ ξ * − ψ A * − 1/2χ ω * (ξ * has the sense of the antifield). If one substitutes Ψ df into the HCS action, it is easy to see that it coincides with the BV action for the gauge field coupled to the Dirac fermion: 
Final Remarks
In this paper, we considered the basic models of the Field Theory related to the nonabelian gauge theory, namely the models of fermion and scalar fields interacting with Yang-Mills fields. We have shown that as it was in the case of the pure Yang-Mills theory, these actions can be represented in the homotopy Chern-Simons form, such that the equations of motion are the generalized Maurer-Cartan equations for some homotopy Lie algebra. Moreover, the gauge transformations of these theories naturally emerged from the symmetry transformations of these Maurer-Cartan equations. The generalization to noncommutative field theories [25] is quite straightforward: it is not hard to see that the noncommutative gauge theories can be expressed in the homotopy Chern-Simons form if one modifies a little bit the algebraic operations by means of the Moyal star. However, the gauge group should be U (N ) due to the no-go theorem [25] .
We also mention some attempts to obtain the (BV) YM action from the open SFT [28] - [30] . The connection with our formalism is not yet clear.
Another important question is related to Gravity. The Zwiebach formulation of the closed String Field Theory via the L ∞ algebra on the closed string states suggests that there should be a formulation of the Einstein-Hilbert action (together with the Kalb-Ramond field and the dilaton) in terms of some homotopy Lie algebra on the space of fields. The problem is that in order to do this, one needs to expand the metric field G µν around some flat metric η µν by means of some formal parameter: G µν = η µν + th µν + t 2 s µν + ..., leading to the background dependence (due to nonuniqueness of such a choice of flat metric and formal parameter) of this construction. Nevertheless, in [20] , we made a few steps in this direction. The problem is that the structure of Gravity in this approach is much more complicated than that of the Yang-Mills and related field theories: the structure of operators at the second order, namely their relation to original expansion of metric field is quite mysterious. There is a bivertex operator (the corresponding "bivertex" field is h µρ η ρσ h σν ), depending on the first order of expansion of the metric field. In papers [24] , [20] , we have found an explanation by using the conjectured relation to the conformal invariance condition of the sigma-model, however, there is no canonical way to continue this construction to all orders. Moreover, in these papers we found that in this approach the diffeomorphism symmetries of Gravity would have an algebroid-like structure.
Another approach to Gravity can be related to the first order formulation of the string theory from [23] , [27] . There, we introduced the twistor-like variables for the metric field, B-field and dilaton. Then the symmetries are reduced to the holomorphic ones. We expect that this formulation can be very helpful with respect to our approach, since the first order sigma-model theory becomes free of some difficulties which are present in the usual one: there are no contact terms and the perturbation theory does not destroy the geometrical setting.
We also mention that it will be interesting to find the relation of our formalism with what is known as the unf olded dynamics approach, also leading to the L ∞ algebras, related to the geometric structures associated with higher spin theories (see [33] , [34] and furher references therein).
We will consider a part of problems sketched above in the forthcoming papers.
